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Abstract

This paper discusses the notion of large eddy simulation (LES) as a mathematical concept and proposes to use the concej
of suitable weak solutions as a building block for the development of a mathematical theory of LES. Various techniques for
constructing suitable weak solutions to the three-dimensional Navier—Stokes equations are reviewed and many features of thes
mathematical constructions are shown to comply with well-accepted heuristic characterizations of LES.
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1. Introduction
1.1. Introductory comments

At the present time, computer predictions of turbulence phenomena by so-called direct numerical simulation
(DNS) of the Navier—Stokes equations are still considered a formidable task for Reynolds numbers larger than a
few thousands. Since the times of Boussinesq and Reynolds, numerous turbulence models based on time-averag
or space-averaged quantities (Reynolds averaged Navier—Stokes nkedetgdels, etc.) have been developed
and then used in engineering applications as a means of overcoming, though often with limited success, the lack
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of sufficient computer resources required by DNS. During the past forty years a new class of turbulence models,
collectively known as large eddy simulation (LES) mod@g], has emerged in the literature. These models are
founded on the observation that representing the whole range of flow scales may not be importantin many engineering
applications as one is generally interested only in the large scale features of the flow. With this objective in mind, LES
modelers have devised artifacts for representing the interactions between the unreachable small scales and the larg
ones. An extended variety of LES models is now available; se¢&l®,21]for reviews. However no satisfactory
mathematical theory for LES has yet been proposed (for preliminary attempts of formalizatjpn,2@e21). More
surprisingly, no mathematical definition of LES has been stated either (to the best of our knowledge), although some
qualitative attempts have been made in this direction. For instance the following formal definition is proposed in
[9]: “We define a large eddy simulation as any simulation of a turbulent flow in which the large-scale motions
are explicitly resolved while the small-scale motions are represented approximately by a model (in engineering
nomenclature) or parameterization (in the geosciences).” The objective of this paper is to go beyond qualitative
statements like the one above by proposing a list of mathematical criteria that we think should be considered to
establish a reasonable definition of LES.

This paper is organized as follows: in the remainder of the Introduction, we recall the definition of suitable
weak solutions to the Navier—Stokes equations. In Se@iare define suitable approximations to the Navier—
Stokes equations and introduce the concept of pre-LES-models. In S8ctienist existing models that fall into
the category of the pre-LES-models. We proceed in Seetiby providing examples of suitable approximations
and for each of these examples we show how our definition of suitable approximations helps us to determine the
relationship between the discretization parametand the large eddy scade Concluding remarks and comments
on possible definitions of LES are reported in Secéon

1.2. Suitable weak solutions

It is generally accepted that the Navier—Stokes equations stand as a reasonable model to predict the behavior of
turbulent incompressible flows of viscous fluids. Upon denoting2oy R2 the open smooth connected domain
occupied by the fluid, ]0T[ some time intervaly the velocity field, angb the pressure, the problem is formulated

as follows:
dU+uvVu+Vp—wwau==f inQr,
Vu=0 inQr,
or, (1.1)
ulr =0 oruis periodic

Ul;=0 = uo,

whereQr = Q x (0, T), T is the boundary of2, ug the solenoidal initial datd, a source termy the viscosity, and
the density is chosen equal to unity. Henceforth, we assumélttigthas been nondimensionalized, ieis the
inverse of the Reynolds number.

To implicitly account for boundary conditions, we introduce

[ H5® If Dirichlet conditions 1.2)
| {v e HY(RQ), v periodig If periodic conditions '
V={ve X, V.v=0}, (1.3)
H=VL (1.4)

In mathematical terms, the turbulence question is an elusive one. Since the bold definition of turbulence by Leray
in the 1930’928], callingsolution turbulenteny weak solution of the Navier—Stokes equations, progress has been
frustratingly slow. The major obstacle in analyzing the Navier—Stokes equations has to do with the question of
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uniqueness of solutions in three dimensions, a question not yet solved owing to the possibility that the occurrence
of so-called vorticity bursts reaching scales smaller than the Kolmogorov scale cannot be excluded.

If weak solutions are not unique, a fundamental question is then to distinguish the physically relevant solutions.
A possible piece of the maze might be the notion of suitable weak solutions proposed by J8Hé&ffer

Definition 1.1 ([Scheffer]). A weak solution to the Navier-Stokes equatiangj is suitable ifu € L2(0, T; X) N
L®(0, T; L%(Q)), p € L¥*(Q7) and the local energy balance

(1) (B 0)o) o () v

is satisfied in the distributional sense.

By analogy with nonlinear conservative lawg,5) can be viewed as an entropy-like condition which may
(hopefully?) selects the physical solutions(@fl). An explicit form of the distributionD(u) that is missing in
the left-hand side of1.5) to reach equality has been given by Duchon and Rd8grtFor a smooth flow, the
distributionD(u) is zero; but for nonregular flow(u) may be nontrivial. Suitable solutions are those which satisfy
D(u) = 0, i.e., if singularities appear, only those that dissipate energy pointwise are admissible. It is expected that
suitable solutions are more regular than weak solutions. In this respect, the so-called Caffarelli-Kohn-Nirenberg
(CKN) Theorem states that the one-dimensional Hausdorff measure of singular points of suitable solutions is zero,
Caffarelli et al.[3], Lin [29], Scheffe{34]. Whether these solutions are indeed classical is still far from being clear.
Although it has been proved recently by H®] that the result of the CKN Theorem also hods for weak solutions
it is not known whether indeed weak solutions are suitable.

2. LES and suitable approximations
2.1. LES

Atthe presenttime LES is a rather fuzzy concept: our impression is that there exist almost as many interpretations
of LES as researchers working on this topic. As originally introducg@ih, LES is often viewed as a technique
to derive equations for the large scales by applying a low-pass filter to the Navier—Stokes equations. The filtered
equations then include the so-called subgrid scale stresses accounting for the influence of the small scales onto th
large ones. Assuming that the behavior of the small scales is more or less universal, the objective is then to find
models for the subgrid scale stresses, the so-called closure problem. In consequence, some authors think of LE
as solutions to the filtered equations, whereas others think of LES in terms of finite-dimensional approximations.
Another commonly shared expectation is that LES should reproduce the statistics of the large scales instead of
approximating individual solutions. These observations naturally suggest the following questions: How are defined
the large scales in question? Can some sort of universality of the small scales be proven? What does LES solution
actually approximate? How should the numerics be accounted for? What should be the relationship between the
scale of the large eddies and the mesh size when an approximation is constructed? Giving a mathematical meanin
to the above questions is far from being trivial; as a consequence, a consensual and indisputable mathematice
definition for LES seems out of reach for the near future. However, as a first attempt, we suggest in the next section
some criteria that seem reasonable to take into consideration for a definition of LES.

2.2. Suitable approximations

One point which we would like to focus our attention on is the gap that exists between the current so-called
LES modeling theories and their various numerical implementations. The existence of this gap has been repeated|
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acknowledged in the literature without being seriously addressed; see e.g. Hai@jgén general, there is a close
connection between the numerical methods and the modeling approach used in simulation; this connection has
not been sufficiently appreciated by many authors.” We thus believe that a reasonable definition of LES should at
least be founded on the following criteria: (1) A LES approximation should be finite-dimensional, i.e., it should be
computable; (2) A LES approximation should solve a problem which is consistent with the Navier—Stokes equations;
(3) Finally, a sequence of LES approximations should select a physical solution of the Navier—Stokes equations
under the appropriate limiting process, i.e., one which is suitable.

A general definition for LES is out of the scope of the present paper; however, the above discussion leads us to
define the notion of suitable approximations to the Navier—Stokes equations.

Definition 2.1. A sequenceu,, p,),~o with u, € L>(0, T;L?(Q)) N L2(0, T; X) andp, € D'(10, T[, L3(Q)) is
said to be a suitable approximation(finl) if

(i) There are two finite-dimensional vectors spa¥gsC X andM, C L?(£2) such thau, e co([o, 11; X,) and
py € L%(0, T[; M,) for all T > 0.
(i) The sequence converges (up to subsequences) to a weak solutioh)payu, — u weakly in L?(0, T; X)
andp, — pinD/(]0, T[, L3()).
(i) The weak solutiong, p) is suitable.

At this point, we want to emphasize that two parameters are actually hidden in the above definitioiX ,Samce

M, are finite-dimensional, there is a discretization paranfesssociated with the size of the smallest scale that can

be represented iX,,, roughly dim,) = O((L/h)®) whereL = diam(Q). The definition also implicitly involves

a regularization parameterassociated with some filtering of the Navier—Stokes equations. This parameter is the
lengthscale of the smallest eddies that are allowed to be nonlinearly active in the flow. In the above definition the
parametey is yet an unspecified combination of the two paramdtexsde.

2.3. Practical construction of suitable approximations

In practice, the construction of a suitable approximations can be decomposed into the following three steps:

(1) Construction of what we hereafter call the pre-LES-model. This step consists of regularizing the Navier—Stokes
equations by introducing the parameteilhe purpose of the regularization technique is to yield a well-posed
problem for all times. Moreover, the limit solution of the pre-LES-model must be a weak solution to the Navier—
Stokes equations as— 0 and should be suitable. The pre-LES model can be thought of as a filtered version of
the Navier—Stokes equations where the subgrid scale stresses have been modeled in such a way that the resultin
PDE is well-posed and yields a unique weak solution that converges (up to subsequences) to a suitable weak
solution to the Navier—Stokes equations.

(2) Discretization of the pre-LES-model. This step introduces the meshsize pararaetethe finite-dimensional
spacesX,, M, for the approximate velocity and the approximate pressure, respectively.

(3) Determination of a (possibly maximal) relationship betweandh. The large eddy scakeand the mesh size
h must be selected in such a way that the sequence of discrete solutions is ensured to converge to a suitable
solution of the Navier—Stokes equations when- 0 andiz — 0.

The novelty in the proposed definition is that enforcing the limit solutigrp] to be suitable yields a constraint
on the limiting processes lim, o and lim,_, o. Because of this constraint, we prefer to use the neutral parageter
than either or h, and whenever we writg — 0, it will be understood that — 0 ands — 0 in some manner yet
to be specified.



68 J.L. Guermond, S. Prudhomme / Physica D 207 (2005) 64-78

3. Review of existing pre-LES-models

The purpose of this section is to show that our definition of suitable approximations shares many heuristic features
of techniques that are identified in the literature as LES models. In particular, we show that regularization techniques
recognized in the literature as LES models are indeed pre-LES-models in the sense of our definition, i.e., they all
select suitable solutions as the large eddy sc#dads to zero. In other words these models comply with items (ii)
and (iii) of Definition 2.1

3.1. Hyperviscosity

Lions[30,31] proposed the following hyperviscosity perturbation of the Navier—Stokes equations:

dUs + Ug-VUg + Vpe — vV2U, + e2(=V2)%u, =f inQr,

V-ug = 0 in QT,

a—1 ; i~ (31)
Uglr, OnUelr, ..., 05 "Uglr =0, orugis periodic
ulr=0 = uo,

wheree > 0 ande is an integer. The appealing aspect of this perturbation is that it yields a well-posed problem
in the classical sense when> ‘—51 in three space dimensions. More precisely, upon denoting by?2 the space
dimension, the following result (s¢£8,30,31) holds

Theorem 3.1. Assumef € L2(0, T; L%(2)) and up € H¥(Q) N X. Problem (3.5) has a unique solutioni, in
L>°(0, T; H¥(2) N X) for all timesT > 0 if « > d%;z. Up to subsequences, converges to a weak solutianof
(1.1), weakly inL?2(0, T; X). Moreover, if periodic boundary conditions are enforced, the limit soluiarp) is
suitable

It is remarkable that hyperviscosity models are frequently used in so-called LES simulations of oceanic and
atmospheric flow§l,2,26]or to control the Navier—Stokes equatidB$].

3.2. Leray mollification

A simple construction yielding a suitable solution has indeed been proposed by [R8iayefore this very
notion was introduced in the literature. Leray proved the existence of weak solutions by using a, now very popular,
mollification technique.

Assume thaf? is the three-dimensional torus, @r)3. Denoting byB(0, ¢) ¢ R3 the ball of radius: centered
at 0, consider a sequence of non-negative mollifying functigpi {o satisfying:

b€ CFERYRL). suppp) € BO.0). [ 4000 =1, (32)

Defining the convolution produgk.+v(x) = [s V(y)¢:(x — y) dy, Leray suggested to regularize the Navier—
Stokes equations as follows:
dUs + (PeUy)-VUg + Vp, — vV2U, = ¢oxf,
V.u, =0,
U, is periodic
Uglr=0 = Pe*Uo.

The following holds (se§28] and[8]):

(3.3)
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Theorem 3.2.Forall ug € H,f € H,ande > 0,(3.3)has a uniqu& solution The velocity is bounded uniformly
in L>°(0, T; H) N L2(0, T; V) and one subsequence converges weakh?i®, 7; V). The limit solution ag — 0
is a suitable weak solution of the Navier—Stokes equations

Hence the above construction complies with items (ii) and (iiipefinition 2.1 The mollification technique
can be extended to account for the homogeneous Dirichlet boundary condition as fB]n&fe limit solution is
suitable in this case as well.

Roughly speaking, the convolution process removes scales that are smallertiesuce, by using.xu, as the
advection velocity, scales smaller thaare not allowed to be nonlinearly active. This feature is a characteristic of
most LES models.

3.3. NS¢ and Leraye models

Introduce the so-called Helmholtz filté) : v — v such that
Vi= (I — 2Vv?)ly, (3.4)

where either homogeneous Dirichlet boundary conditions or periodic boundary conditions are enforced depending
on the setting considered. The so-called Navier—Stokes—alpha model introduced in Ch§s] enal.Foiaset al.
[11,12]consists of the following:

AU + Up-VU, + (V)T - u, — vV2u, 4+ Vi, =,
VU, =0,

_ - (3.5)
Ulr =0, Uglr =0, oru,,andu;are periodic

Ug|r=0 = Up,

Once again, regularization yields uniqueness as stated in the following

Theorem 3.3 (Foias, Holm, and Tit[{11,12])). Assumé& € H, ug € V. Problem(3.5) with the Helmholtz filter
(3.4) has a unique solution, in C°([0, T); V) with 8,u, € L2(]0, T[; H). The solutiont; is uniformly bounded
in L>°(0, +00; H) N L2(0, +00; V) and one subsequence converges Weakfyﬁjg(o, +o00; V) to a weak Navier—
Stokes solution as — 0.

Here again, it is a simple matter to show that when periodic boundary conditions are enfpoomwverges, up
to subsequences, to a suitable solution. Hence, the above model complies with items (ii) anBéfinition 2.1

A variant of the above regularization technique consists of replacing the Yem@( - u, in (3.5)by V%uf. The
resulting model then falls in the class of the Leray regularization in the sense that the momentum equation is the
same as that i3.3) but for the advection velocity,xu, which is replaced byi,. This model has been analyzed
in [6] and is called the Lerag-model. It has been reported [4] to be a good candidate for a LES model: “The
Leray model was found to predict the momentum thickness properly while exhibiting both forward and backward
transfer of energy. Further analysis shows reliable levels of turbulence intensities and correct behavior of kinetic
energy. [..] The rgularized dynamics shows an appealing robustness at high Re.”

3.4. Nonlinear viscosity models

Recalling that the Navier—Stokes equations are based on Newton’s linear hypothesigrskdya and Kaniel
proposed to modify the incompressible Navier—Stokes equations to take into account possible large velocity gradi-
ents,[23-25]
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Ladyzenskaja introduced a nonlinear viscous tefsgiVu), 1 < i, j < 3 satisfying the following conditions:

L1. T is continuous and there exigis> %1 such that

VE e RS, T(9)] < c(1+1€17)14]. (3.6)
L2. T satisfies the coercivity property:

VEE RS, T(§): &= clElP(L+ IEP). (3.7)

L3. T possesses the following monotonicity property: There exists a constarit such that for all solenoidal
fields&, n in W1-2+21(Q) either coinciding on the boundafyor being periodic,

/ (T(VE) — T(Vn)) : (VE— Vi) = / VE— V2. (3.8)
Q Q

The three above conditions are satisfied if

T(§) = B(&12), (3.9)

provided the viscosity functiof(z) is a positive monotonically-increasing functionof 0 and for large values
of 7 the following inequality holds

ct” < B(r) < ',

with o > %1 andc, ¢’ are some strictly positive constants.
After introducing the large eddy scale> 0, the modified Navier—Stokes equations take the form
dUg + Ug-VU, + Ve — V-(0VU, + 24T (VU,)) =1,
V-u, =0
‘ o (3.10)
Uslr =0, oru,is periodic
Uels=0 = Uo.

The main result fronji25,24](see[23] for a similar result where monotonicity is also assumed) is the following
theorem

Theorem 3.4. Assumelg € H andf e L2(]0, +o0[; L2(£2)). Provided condition&.1, L2, andL3 hold, then(3.10)
has a unique weak solution, for &l > 0,in L2t2+(]0, T[; W2+24(Q) N V) N ([0, TT; H).

Moreover, for periodic boundary conditionsi( p;) converges, up to subsequences, to a suitable solution, of
(1.1)ase — 0, i.e., items (ii) and (iii) ofDefinition 2.1hold.

Possibly one of the most popular LES models is that proposed by Smagd@bagkayhich corresponds to setting
T(Vu) = |D|D. (i.e.,8(t) = t* with u = %). Hence in addition to other possible appealing features LES modelers
may see in Smagorinsky-like LES models, the one of interest to us is that they guarantee well-posedness and ensut
the limit solutions be suitable as required by items (ii) and (iiipefinition 2.1

4. Discretization

The purpose of this section is to introduce discrete versions of some of the pre-LES-models described above, i.e.
we want to comply with item (i) oDefinition 2.1 (Recall once again that what we herein call a pre-LES-model is



J.L. Guermond, S. Prudhomme / Physica D 207 (2005) 64—78 71

usually referred to in the literature as a LES model.) In each case we show that requiring the approximate solutions
to be suitable approximations determines the relationship between the meBlasitéhe large eddy scadethus
solving a question very often left open or solved heuristically in the LES literature.

For the sake of simplicity, we restrict ourselves to periodic boundary conditions and spectral approximation
techniques.

4.1. The discrete hyperviscosity model

We turn our attention to the hyperviscosity model introduced in Se8tiband we construct a Galerkin-Fourier
approximation.

Foranyz € Ct, 1 < ¢ < 3, we denote by| the Euclidean norm afand by|z |, the maximum norm. We denote
by 7 the conjugate of. Recall that Sobolev spacéf’(2), s > 0, can be equivalently defined in terms of Fourier
series as follows

HY(Q) = {u =Y yeze wce™  ug =t Y (L+ k?)lux|* < +oo
keZ3

In other words, the set of trigonometric polynomials ékp(), k € Z3, is complete and orthogonal it*(£2) for
all s > 0. The scalar product i2(2) is denoted by, v) = (27) 3 Jo uv and the dual of1*(2) by H—5(2). We
introduce the closed subspabié(2) of H($2) composed of the functions of zero mean value.

LetN be a positive integer, henceforth referred to as the cutoff wave number. We introduce the set of trigonometric
polynomials of partial degree less than or equallto

Py =1 p) = Z e e =cp t,
[kloo<N

and denote bﬂi"N the subspace dfy composed of the trigonometric polynomials of zero mean value.
Finally, to approximate the velocity and the pressure fields we introduce the following finite-dimensional vector
spaces:

XN =HD?V, and My =I.F)N. (41)
The mesh size that can naturally be associated with the above setting is (up facid?)
1
hy = v (4.2)

We now define a large eddy scalgassociated with the hyperviscosity model. bt areal numberwith & 6 < 1.
Then we set
1
ey =h%, Nj=—=N’ (4.3)
EN
To avoid unnecessary dampening on the low wavenumbers we choose to construct an hyperviscosity operator that
acts only on the high wavenumbers of the velocity field, namely for wavenurkiserh thatV; < |k|o, < N, This
idea is similar to the spectral viscosity technique that TadBibB82,4]developed for nonlinear scalar conservation
laws. We introduce the hyperviscosity kerm@(x) such that

oW =0 Y ke (4.4)

Ni<|kloo<N
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where
5
= 4.5
o«>7 (4.5)

is the exponent of the hyperviscosity. This kernel is such that fanal Xy

Oen() = [ ox(w—ydy= Y kP (4.6)

Ni<|kloo<N

Whene is an integerQx*(-) is thea-th power of the Laplace operator restricted to the space spanned by the Fourier
modes associated with the length scales comprised betyeand’ y. Note that whem increasessy decreases
and the range of wavenumbers on which the ke@gl) is active shrinks.

The spectral hyperviscosity model consists of the following:

Seeluy € CO([0, T]; Xy) andpy € L2([0, T]; My) such that
(@iuy. v) + (Un-VUp, v) = (pN. V-V) + v(Vuy, VV) + £57(QxUy, V)
=(f,v), VveXy,Vre(0T], 4.7)
(V-uy,q) =0, Vqe My,Vte(0,T],
(Un, V=0 = (Uo, V), Vv eXy.

One interesting feature of the above technique is the following

Proposition 4.1. The hyperviscosity perturbation is spectrally small, i.e.

2| 0xvnll 2 S N~ uyllms, Yoy € HY(RQ), Vs > 2a. (4.8)

The interpretation of the above result is that the consistency error induced by the hyperviscosity is arbitrarily
small if the exact solution to the Navier—Stokes equation is smooth.
The main result of this section is the following:

Theorem 4.1. Letf e L?(0, T; L?(2)) andug € H*(Q) N V. Assume that4.5)and(4.3) hold. Moreover, assume
that

4o — 5
fmS <8,

0<6< 2 — 1) (4.9)

Otherwise
20 + 3

then, up to subsequences, the solution to (4.7) converges weakly in.2(0, 7;V) and strongly in any
L"(0, T;L9(R2)), withl < g < 3;514 < 400, 2 < r < 00, to a suitable solution ofl.1)as N goes to infinity

The above result, proved {i8], can be interpreted as follows. Since the hyperviscosity term is meant to be
a perturbation of the Navier—Stokes equations, one would want this term to be as small as possible. In fact, one
would like 6 to be as large as possible; the chdice 1 is that which minimizes the impact of the hyperviscosity
perturbation. But, iP is too close to one, the hyperviscosity term cannot play the role it is assigned, i.e., the limit
solution cannot be guaranteed to be suitable (see item (iii)). It is shof8]rthat a sufficient condition for the
limit solution to be suitable is that the bound from abové4r®) holds. In this sense we claim thagfinition 2.1
is constructive.

Numerically speaking, the above result is somewhat vague. A possible algorithm for implementing this hyper-

viscosity model is to picky, to taked < 405775 orf < zz(gjré), depending on the value of, and to finally set
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Table 1
Admissible values of the parametersindé
o 3 2 3 4 5
1 2 4 6 8
<5 <7 <3 <11 <13

N; = c1NY andey = czNi_l. In this caseg is a free parameter and the constantsc, are coefficients that can
be played with, provided they are of order one. Some admissible values of the paramatel® are shown in
Table 1

Remark 4.1. Observe that theondition (4.9)means that asymptoticallyy < ¢y. In other words, the scales
filtered by the hyperviscosity are significantly larger than the grid size.

4.2. The discrete Leray model

For the sake of simplicity, we restrict the analysis to the periodic cas& igassumed to be the three-dimensional
torus, and we use again the Fourier setting introduced in Set¢tlohet N be an integer and set

Xy=P3, and My =Py. (4.10)

Up to a 2r factor, the mesh size naturally associated with the above setting is
hy = =. (4.11)

We now define a large eddy scalg to be associated with the filtering of the advection velocity. For this purpose
we introduce a real numbérwith 0 < 6 < 1, and we set

en=h%, Ni= —= N?. (4.12)
N

Then we consider the truncation operalyy, : H*(2) — P?v,- such that

R ik- ik- 3
Py 1 H(Q) > Z Vet =vi— Z Vet e Py,
keZ3 koo <Ni

and we letQ,, denote the operatap,, = I — P.,. Upon definingg,, = Zlk\wsNi % it is clear that for all
Vy € XN

Pen*VN = Py V.

Thus, the discrete Leray model takes the following form:

Seekuy € CO([0, T); Xn) andpy € LZ([0, T]; My) such that

forallz € (O, T], for allv € Xy, and for ally € My,

(3:un, V) + (Peyun-Vuy, V) — (pn, V-V) + v(Vuy, VV) = (f, v), (4.13)
(V-un, q) =0,

(Un, V)lr=0 = (Uo, V).
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Theorem 4.2. Letf e L?(0, T; L?(Q2)) andup € H. Assume that4.12)hold. If

2
0<b<gz, (4.14)

the solutioruy to (4.13)converges weakly, up to subsequences?i@®, 7; V) and strongly in any.” (0, T'; L4(S2)),
withl<g < 3r6j4 < 400, 2 <r < o0, to a suitable solution of1.1) as N goes to infinity

Proof. We just sketch the proof since the details are similar to those given in the proof of TheoremilB]1 The
main difficulty revolves around the handling of the nonlinear term when proving that the limit solution is suitable.
As usual, the basic a priori estimates are

T
lunli?, + v/o IV Peyun 2, + IV Qeyun i, < c. (4.15)
Let¢p € D(Qr) and usePy(¢uy) to test the momentum equation(4h.13) The nonlinear term gives

1
(Peyun-Vuy, Py(Un®)) = (PeyUn-VUn, Uyo) + Ry = — (§|UN|2P€NUN’ Vd’) + Ri,

1
= - <§|UN|2UN, V¢> + R1+ Ry,
where

1

Ry = (PsyUn-VUy, Py(Ung) —Un¢®), Ro= <§|UN|2Q5NUN7 V¢> .

The first residual is handled as follows:
IR1| < | Peyunllzoe IVUN] 2]l Pn(Un) — U]l L2
< NN P un 2 lunll galundll

3/2)0-1 2
< N©G/2) lunllzzllun i ll@llwiee,

where< means that the inequality holds up to a constant independeétTien, it is clear thafOT |[R1] — 0 as
N — oo owing to(4.14) For the second residual we use the embeddlr%gsz) C L3(R) as follows

[R2| S llunllizzllunllzsll QepuUnllzlldllwo
S ||UN||L2||UN”H1”QSNUN”H% Il wroo
-3 2
SN Clunlizllun g ll@lwiee-

As a result,fOT |[R2|] — 0 as N — oo sinced > 0. The rest of the proof follows as that of Theorem 5.1 in
[18]. O

Remark 4.2. In essencelTheorem 4.Zhows that ifs?v/z > hy, then the pair{y, py) is a suitable approximation
in the sense obefinition 2.1
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4.3. The discrete Leray-model

Still keeping the above Fourier framework, we now consider the following discrete version of thed eragel
introduced at the end of Secti@n3; see alsd6,16]:

Seekuy € CO([0, T]; Xy) andpy € L2([0, T]; My) such that
forallz € (O, T], for allv € Xy, and for allg € My,
(3:un, V) + (Un-Vun, V) = (pn, V) +v(Vuy, VW) = (f, V),

_ 5 o (4.16)
(Un, V) + &5, (Vuy, VV) = (uy, V),
(V-UN, q) =0,
(UN, V)|t=0 = (u07 V)a
wheree y is the scale of the smallest eddies that we authorize to be nonlinearly active:
en=N1=N" 0<6<1l (4.17)

Note that the systerf#.16)is similar to(4.13)except for the advective velocit;, uy which is now replaced by
the regularized velocityy.

Theorem 4.3. Letf € L?(0, T; L?(2)) andug € H. Assume tha4.17)holds If
0<6<%, (4.18)

the solutionuy to (4.16) converges weaklyp to subsequenceis L2(0, T; V) and strongly inL’(0, T; L9(S2)),

withl<gqg < 3r614 < +00, 2 < r < 00, to a suitable solution ofl.1)as N goes to infinity

Proof. UsingthefactthaV-uy = 0 andtakingy = Py(uy¢)totestthe discrete momentum equation, the nonlinear
term becomes

Gy -Vuy, Py(ung)) = [@y-Vuy, ung) + R = — (3lun[2uy, Vo) + Ri+ R,

where
R1 = (Un-Vuy, Py(uyg) — une),
Ry = (%IUNIZ(UN — Un), Vd’) .
Then

|R1| = [(Uy-Vuy, Py(Une) — une)| < lluyllz=IVunll 2]l Py (Und) — Unéll; 2
1= 2
S N unlizee lun @l i
Using|uy |2 < IVUN I 2| AUyl 2 and the boundsy [Vuy I,z < lluyll 2 andeZ |AUx]l 2 S llunll 2 (from

the Helmholtz problem), an estimate of the residual is

=3/23,—-1 2 3/2(6—1 2
IRl S ey "N Hunllzllun 12l S N2 Duy i 2llunliZliél wrs.

~
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It follows thathT |R1| — 0 asN — oo provided that < % For the second residual we use the fact that

luy —unllz2 +enllVuy —un)lizz < enllVunllz2.

1/2
L2

1/2

o _ 1/2
1o thisimplies|juy — unllz3 S ey IIVUnll 2. Then

Using|Ivilzs S VI VIl

1 2 ry s
(Ral = | (3unPux — Gn). V)| S luwlzzllunlzslluy = Gl 2l gl

1/2 2
S ey Iunlizllunligaliollyie.

It follows thathT |R1| — 0asN — oo provided that0< 6. O

Renmark 4.3. Once again, the conclusion of this section is that the Fourier-based karmgdel(4.16)yields a
suitable approximation to the Navier—Stokes equations whem%,@e)» hy.

4.4. The other discrete models

We have not yet been able to show that discrete counterparts of the other pre-LES-models introduced in
Section3, namely the NS¥ model and the nonlinear viscosity models, produce suitable approximations.

Regarding the nonlinear viscosity models, we are still facing technical issues to prove that the discrete solutions
actually converge to suitable weak solutions of the Navier—Stokes equations. In particular, the difficulty lies in the
fact that the Fourier analysis is not the proper tool to work uithspaces whep # 2. However, we believe that
these issues, being purely technical, will eventually be overcome in the near future.

In the case of the N&-model, the presence of the terWil(;)” - u, poses some difficulties when passing to the
limit. Whether these difficulties are either technical or fundamental is not yet clear.

Surprisingly we have also observed that the Nonlinear Galerkin MgB®jdcan be reinterpreted in the light
of Definition 2.1 Indeed, following a similar approach as above, it can be shown that the discrete solution of a
slightly modified version of the Nonlinear Galerkin Method yields a suitable solution at the limit under appropriate
conditions, (the modified version in question consists of replaging by 9; P;, uy in (4.13)). This interpretation
of the Nonlinear Galerkin Method will be the subject of a forthcoming paper.

4.5. The case of DNS

A natural question that comes to mind is whether a sequence of direct numerical solutions (DNS) is a suitable
approximation as defined above.

To clarify this issue let us consider the construction proposed by F®&fLet X, ¢ X and M, c L3(Q2) be
two finite-dimensional vector spaces and consider the following Galerkin approximation

(9:Un, V) + b(Up, Up, V) = (pn, V-V) + v(VUp, VV) = (f,v) Vi € [0, T], Vv € Xp,
(g.V-up) =0, Vi el0,T], Vg € My, (4.19)
(uh|l=Oﬂ U) = (UQ, V)1 VV S th

whereb is a trilinear form accounting for the nonlinear advection term which is assumed to be skew-symmetric
with respect to its second and third arguments. For instdifag, uy, v) = (Uy-Vuy, v) — %(uhv-uh,v) and
b(up, Uy, v) = ((Vxup)xuy, v) are admissible candidates.

The above construction is usually referred to as DNS in the literature. Owing to standard a priori estimates
uniform in h, it is clear that the above defined sequence of approximate solutions complies with items (i) and (ii)
of Definition 2.1, see, e.g., Lion§30,31] or Temam[38]. However, it is not yet known in general whether such
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a construction yields a suitable solution at the limit wier> 0, i.e., surprisingly item (iii) is not guaranteed to
hold. In other words, it may happen that the solution sets spanned by the limits of DNS approximations and suitable
approximations are not identical.

It has however been recently provédl5], that when low-order finite elements are used in the Galerkin con-
struction and if periodic boundary conditions are enforced, then the sequence of Galerkin approximations yields
a suitable approximation. This results underlines that the nature of the approximation technique that is used plays
a key role in this matter. Low-order approximations seem to do the trick, whereas spectral methods need some
regularization or extra viscosities to guarantee convergence to a suitable solution. This is related to the fact that
spectral methods are prone to Gibbs phenomena. This result tends to confirm statements sometimes made in the
literature that, when using low-order methods, it is preferable to let the “numerical diffusion do the job” than to
perform any LES modeling.

5. Conclusions

We have defined in this paper the notion of suitable approximations to the Navier—Stokes equations. The definition
introduces two parameters: a discretization sbalad a large eddy scate The ratiok /e should be chosen so that
the limit solution is suitable. It is proven on three examples based on the Fourier approximation settirsthed
be much smaller thanto ensure that approximate solutions converge to a suitable solution of the Navier—Stokes
equations; seRemarks 4.1, 4.2, and 4.3

We have also shown that the notion of suitable approximations shares many heuristic features with what is often
referred to in the literature as LES modeling. As a result, we think that the notion of suitable approximations is a
concept that, together with other mathematical criteria yet to be clearly identified, should be seriously considered
to be included in any future mathematical definition of LES.

Whether the mathematical framework proposed herein is of any help to model turbulence is far from being clear,
and we do not make any claim in this respect. We identify two obstacles in the way. First, although the notion of
turbulence is quite intuitive and is a daily experience, the very concept of turbulence has yet to be mathematically
defined. In particular, we are not aware of any other mathematical definition of turbulence than that proposed by
Leray, who identifies “solutions turbulentes” and weak solutions. Second, there is still a possibility that all the
weak solutions could eventually be shown to be suitable. In this event, the notion of suitable approximations would
be either irrelevant or should be adapted to the inviscid Euler equations. This last argument shows again that the
question of the regularity of the Navier—Stokes equations is far from being of academic interest only.
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